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We study localization of atomic position when a three- 
level atom interacts with a quantized standing-wave field in 
the Ramsey interferometer setup. Both the field quadrature 
amplitude and the atomic internal state are measured to ob- 
tain the atomic position information. It is found that this 
dual measurement scheme produces an interference pattern 
superimposed on a diffraction-like pattern in the atomic po- 
sition distribution, where the former pattern originates from 
the state-selective measurement and the latter from the field 
measurement. The present scheme results in a better resolu- 
tion in the position localization than the field-alone measure- 
ment schemes. We also discuss the measurement-correlated 
mechanical action of the standing-wave field on the atom in 
the light of Popper's test. 
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I. INTRODUCTION 

Atomic position localization has been an intriguing 
subject from the early days of the quantum mechanics, 
as seen in Heisenberg's microscope, a well-known thought 
experiment devised for illustrating the uncertainty prin- 
ciple Heisenberg's microscope exploits the interaction 
of an atom with light: The information on atomic posi- 
tion is obtained by detecting the scattered light. The 
resolution is limited roughly to a half wavelength of the 
light due to the wave nature of light. The uncertainty 
in atomic momentum automatically arises since the light 
imparts a mechanical momentum to the atom |^ . 

In a modern version of Heisenberg's microscope, on the 
other hand, one considers a quantum or classical light 
field with " standing- wave" mode structure in order to 
localize the atom without scattering photons Be- 
cause the strength of the interaction in a standing-wave 
field depends on the position, the observable quantities 
such as the phase shift of the atomic dipole, or that of the 
light field vary according to the atomic position. Thus, 
the measurements of these quantities yield information 
on the atomic position. All these schemes can determine 
the atomic position only within one period (i.e. a half 
wavelength) of the standing-wave structure due to the 
translational symmetry of the interaction. 

Recently Storey et al. have proposed to measure the 
quadrature amplitudes of light interacting with a two- 
level atom at far-off resonance They also suggested 
that changing the width of a 'virtual slit', produced in 
the measurement of the field, by varying the phase of the 



field being measured, can implement Popper's test [Q. 
On the other hand, the localization by the measurement 
of the phase shift of the atomic dipole moment in a Ram- 
sey interferometer set up was proposed using the classical 
standing- wave field |4j , or the quantum field [|| , and was 
demonstrated experimentally by Kunze et al. |p| . Atomic 
position can also be localized by the frequency measure- 
ment of the photons scattered spontaneously from the 
atom [||, using the fact that the MoUow-sideband spec- 
trum in the resonance fluorescence depends on the atomic 
position in the standing wave field. Other techniques, 
which do not involve the interaction with the standing- 
wave field, were proposed such as atom imaging methods 
where an inhomogeneous magnetic field or light 
intensity causes a spatially- varying atomic level-shift, 
which correlates the atomic resonance frequency with the 
atomic position. 

Until now, only a single observable among the various 
physical quantities involved in the atom-field dynamics 
has been chosen to be measured in order to localize the 
atomic position. In this work, we consider localization 
by dual measurements, i.e., we measure two observables 
for the localization of the atomic position. Our motiva- 
tion for this scheme is twofold. First, it is based on the 
naive expectation that the more observables we measure, 
the better locaHzation we could get. Of course, these 
variables should be correlated with the atomic position. 
Otherwise, increasing the number of the measured ob- 
servables would be of no use. 

Our second motivation is more academic in that we 
hope to investigate the dynamics of the system condi- 
tioned a posterior on the measurements. Let us de- 
note the Hermitian operators of the measured observ- 
ables by A,B {[A,B]=Q) and their eigen-values by ai,bi 
[i — 1,2,---), respectively. We represent the system 
state before measurement by the wavefunction \^) — 
YjiCi\ai) ® Y^i) and assume that the value am is obtained 
by the A measurement. (The states belong to the 
Hilbert spaces independent of the operator A.) Then, the 
state after the measurement, |^'m), is obtained by per- 
forming the projection operator |a„j)(am| to \^). The 
state l^'m) can be decomposed in terms of the bases \bi), 
®\(f)j). If one measures further the 
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observable B, then each wavefunction \(f)i) (independent 
of A and B) can be retrieved. However, if the observable 
B is not measured, the data collected through only A 
measurement would yield the state of the system traced 
over the observable B, only to lose information of each 
wavefunction l^,). The dynamics conditioned a posterior 
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on the measurement {B measurement in this case) could 
demonstrate a substantially distinguished phenomenon 
compared with the usual averaged one . 

In this paper, we localize the atomic position by mea- 
suring both the quadrature amplitude of the light and 
the internal state of the atom. We consider a three-level 
atom interacting with a single quantized standing-wave 
field in a Ramsey interferometer setup. The atom has 
two hyperfine ground levels |a),|6) and one excited level 
|c). The quantized field couples both the states \a) and 
1 5) to |c) at far-off resonance with different coupling con- 
stants. The interaction Hamiltonian shows that both the 
field state and the internal states are entangled with the 
atomic position. 

In addition to the position localization, we investigate 
the mechanical action of the standing-wave field on the 
atom, introduced inevitably by the localization. We show 
that the momentum uncertainty caused by the mechani- 
cal action does not hinder the Popper's test in the local- 
ization schemes such as the one proposed by Storey et al. 
^ and that in a certain situation, the uncertainty can 
be minimized. 

This paper is organized as follows. In Section II, we 
introduce the interaction Hamiltonian and calculate the 
final state obtained after the interaction in the Raman- 
Nath regime. We show in Section III that the local- 
ization by the measurements, in the near region, i.e. 
right after the interaction, yields a position distribution 
which resembles an interference pattern superimposed 
on a diffraction pattern. The interference pattern is at- 
tributed to the measurement of the atomic internal state 
while the diffraction to that of the quadrature amplitude 
of the light. It is found that the localization is sharper 
than in the single measurement schemes, so the uncer- 
tainty Ax of the position localization is smaller. In Sec- 
tion IV, the position distribution in the far region is pre- 
sented and it is explained in terms of the dipole force 
by the standing-wave field correlated with the measure- 
ments. Especially, we are interested whether Popper's 
test can be implemented in the measurement schemes 
exploiting the interaction with the standing-wave field in 
Section V. We summarize the results in section VI. 



II. SYSTEM SETUP AND THE HAMILTONIAN 

In Fig. 1 , the system configuration is depicted with the 
appropriate atomic level diagram. The atom is initially 
prepared in the state |a). The atom first enters the 
microwave-field region (7r/2-pulse), where the internal 
state is transformed to the superposed one (|a) -I- 16))/ ^/2. 
Next, it interacts with the standing- wave field inside the 
cavity at far-off resonance. The cavity frequency loc 
is tuned in the midway between the atomic transition 
frequencies LUca, ^cb so that Sa = i^c ~ ^ca < and 
5b = ujc — ^cb > 0. If both the detunings satisfies the 
conditions \5a\ 3> Fa, \6h\ S> Fb, where FQ,Fb are the 



spontaneous emission rates from the excited state |c), 
then the excited state is rarely populated through the 
interaction, and thus can be ignored. For example, the 
Rb*^ atom has two hyperfine ground levels F=2,3 with 
the splitting 27r x 3 GHz and the decay rates roughly 
27r X 6 MHz, so the conditions \Sa\ '3> F^ and \Sb\ '3> Fb 
are readily satisfied. 

By the method of the adiabatic elimination the 
interaction Hamiltonian inside the cavity is then written 
in the form as 

H = hsin'{kox){gl/Sa\a){a\+gl/Sb\b){b\)a^a (2.1) 

where ga and gb are the vacuum Rabi-frequencies associ- 
ated with the transitions |a) ^ |c) and \b) |c), respec- 
tively, a^{a) is the photon creation (annihilation) opera- 
tor for the cavity mode and ko = 27r/A is the wave vector 
of the standing- wave mode. We set —ga/^a = gtl^b = 
G > 0, which can be adjusted by controlling the cavity 
frequency appropriately. We neglect the kinetic energy 
term in the Raman-Nath approximation, where the in- 
teraction time is short enough for the motional effect to 
be neglected. 

Let us denote the initial position distribution by f{x) 
and assume that the cavity mode is in a coherent state 
\a). If the atomic internal state is Ca\a) + Cb\b) before 
entering the cavity (Ca — Cb ~ l/\/2 in our case), the 
initial state of the total system is denoted by 

|*o) = j dxf{x)\x) ® {Ca\a) -f Cb\b)) ® \a) (2.2) 

After interacting with the standing wave cavity-field for 
time T, the state becomes 

= j dxf{x)\x) ® [Ca\a) ® |ae^^(")") 

+Cb|6)®|ae-*'^(^)^)], (2.3) 

where 

G{x) ^Gsin^ikQx). (2.4) 

In Eq. (3), we see that the phase of the cavity field is 
altered through the interaction. If the atomic internal 
state is |a), then the field state is rotated in the Wigner 
diagram (see Fig. 2) by the angle 

Qaix) = G{x)t. (2.5) 

On the other hand, if the atom is in state \b) , the rotation 
angle is given by 

Qbix) = -G{x)t. (2.6) 

Note that the field state after the interaction is entangled 
with the internal state as well as the atomic position, as 
seen in the above Eqs. (5) and (6). If the quadrature 
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amplitude Xg = ae~^^ + a^e^^ of the field is measured, 
the atomic position is then localized. We set Gr = tt 
and select f? = so that the measured quantity Xq corre- 
sponds to the X-axis value in the Wigner diagram. When 
the atom is localized at the node (kox = 0), between the 
node and the antinode (kox ~ 7r/4), and at the antin- 
ode {kox — 7r/2), the field state is accordingly rotated 
by the angles 0, ±7r/2,±7r, respectively, where ± sign 
refers to the case of the internal state \a) and \b), re- 
spectively. Then, the measured amplitude Xq will be 
roughly 2a, 0, —2a. Conversely, if the field amplitude is 
measured to be 2a, 0, —2a, then the atom is localized at 
the node, between the node and the antinode, and at 
the anti-node, respectively, via the measurement. This 
is how the localization by the field measurement comes 
about ||]. 

After interacting with the cavity field, the atom enters 
the second 7r/2-pulse microwave region. Thus, the final 
state is given by 



\^f^nal) = J dxf{x)\x) (g> [l/2\a) 

+l/2|fe) (g> (|ae*^(")") + |Qe-*'^(")"))]. (2.7) 
In the following, we use the formula 

\xo) = cxp[-i(ate^^ - xo)' + ^xlM , (2.8) 

where \xe) is the eigenstate of the operator Xg ^ with 
^e\xe) — Xe\xe), and thus the inner product (xe|ae"') 
is given by 



(2.9) 



where = Re[ae*'^''~^^] and at = Im[ae*^''~^-']. 

Now, if the field state is measured to be found in the 
eigen-state |xo) after the entire interaction, it is found 
from Eqs. (7) and (9) that the the system collapses to 
the state 

I*,) (X j dxf{x)\x) ® [D{x)Ia{x)\a) + D{x)h{x)\b)] , (2 
where 

D{x) = exp[-(acos(G'(a;)r) - xo/2)^] (2.11) 

and 

Ia{x) = -isinA(a;), Ib{x) = cosA(a;) (2.12) 

with 

A(a;) = asin(G(x)r)(acos(G(a;)T) - xo) ■ (2.13) 

If we measure the atomic internal state in addition, the 
final position distribution of the atom is given by 



Pa{x)^\f{x)\'\D{x)Ia{x)\^ 

when the atom is found to be in \a) and 
Pb{x)^\f{x)\^\D{x)h{x)\^ 



(2.14) 



(2.15) 



in |6>. Thus, Fa{x) = \D{x)Ia{x)\^ and Fb{x) = 
\D{x)Ib{x)\'^ may be interpreted as the filter functions 
for the initial position distribution associated with our 
measurement scheme. 



III. LOCALIZATION IN THE NEAR REGION 

To understand where the filter functions D{x), Ia{x), 
and Ib{x) originate from, we now consider the case that 
the Ramsey fields are turned off and the atom remains in 
the same internal state throughout the entire interaction. 
We then measure the quadrature amplitude of the field 
only, as in the scheme proposed by Storey et al. ||]. If 
the atomic state is \a) and the field state is measured to 
be |xo)j then the final atomic state is given by 



^cTo^ dxf{x)\x)(g,D{x)e-'^'^''^a) 



(3.1) 

Similarly, if the atom is in \b), the state is 

1*,)^ cx / dxf{x)\x) (g) D{x)e'^^'''^\b) . (3.2) 



Note that the exponential e^*'^'^-' in the integrand has 
different argument according to the internal state. In this 
case, the final position distribution is the same regardless 
of the internal state, given by 



Ua{x)^nb{x)^\f{x)\^D^x) 



(3.3) 



We see that the field measurement alone produces the 
amplitude filter D{x) with the phase filter ±A(a;). 

In our case, on the other hand, with the Ramsey fields 
turned on, the quantum interference occurs. If the fi- 
nal state is found to be in |a), the possible quantum 
10)3aths are \a) \a)c — > \a) and \a) \b)c \a), where 
\a,b)c denotes the atomic state inside the cavity. ( Re- 
call that we assumed the initial state to be \a) in deriv- 
ing Eq. (10).) Because these two paths are indistinguish- 
able, they interfere to give e"*'^^'^^ — e^^'^^^ cx sinA(a;). 
Similarly, if the atom is found finally in two paths 
\a) \a)c \b) and \a) \b)c \b) interfere to give 
^-iA{x) g»A(x) ^ cosA(a;). The different signs ± of 
the interference in the two cases can be traced back to 
Eqs. (3) and (7). Thus, the additional filters Ia{x), Ib{x) 
in Eq. (12) are produced by the quantum interference of 
the indistinguishable paths. 

In Fig. (3), we plot Fa{x) = \D{x)Ia{x)\^ and Fb{x) = 
\D{x)Ib{x)\'^ for the cases xo — ±2a, 0. The envelopes in 
the figures are given by |D(a;)p, which would be produced 
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by the field measurement alone without the Ramsey- 
fields. We see that the overall shapes resemble an in- 
terference pattern |/b(a;)p) superimposed on a 
diffraction pattern ( \D{x)\'^). Such shape is analogous 
to the distribution in the far-field region of a two-slit 
interferometer with each slit having finite width. The 
variances Aa; of Fa{x) and Fb{x) are smaller than that of 
|D(a;)p. Thus, the localization is improved by the dual 
measurement. 



IV. LOCALIZATION IN THE FAR REGION 

The localization in the near-region by the dual mea- 
surement may be somewhat difficult to compare with 
that by the field-measurement of alone, due to the limited 
resolving power of usual atom detectors (e.g., hot-wire 
detector). Note that the localizations in the two differ- 
ent schemes are discernible only in the sub-wavelength 
scale. However, the results can be clearly distinguish- 
able in the far-region position distribution. We consider 
first the case in which the atom initially has the flat-top 
distribution, i.e., 



const. 




|x/A| < 1 
otherwise. 



(4.1) 



In Fig. 4, we plot the momentum distribution right af- 
ter the localization by the dual measurement in the near 
region, which corresponds to the position distribution in 
the far-region. We see that the distribution Pa{p) with 
the atom in state \a) is complementary to Pb{p) with the 
atom in \b) state, that is, they arc out of phase with 
respect to each other. The spacings in the distributions 
Pa{p) and Pb{p) are the same, iUk, because both the filter 
fimctions Fa{x) and Fb{x) have the A/4-periodic struc- 
ture (See Fig. 3). Note that the sum of Pa{p) and Pb{p) 
gives exactly Il{p), the distribution which results from 
the field- measurement alone without the Ramsey-fields. 
Also note that U{p) does not depend on the internal state 
of the atom in this case. At first sight, these results may 
seem quite natural, but they are not always the C&SCj clS 
seen below. 



A. Dipole force induced by the Held measurement 

The localization in the measurement scheme using 
the standing-wave field is always accompanied by the 

mechanical action on the atom. This is because the 
standing-wave field at far-off resonance exerts the dipole 
force to the localized atom. When the cavity mode is 
in the coherent state \a), the potential which the atom 
experiences is roughly given by 



Ua,b{x) = ^fiGa^ sin^(fcox). 



(4.2) 



with a^a o? inserted into Eq. (1), where — (-I-) sign 
refers to the case of the internal state |a) (|6)). 



To see the effect of the dipole force more clearly, let 
us assiimc that the initial distribution /(x) is a well- 
localized Gaussian. In Fig. 5, for example, f{x) is as- 
sumed to be 



1 



(27r(72) 



2^l/4 



exp 



4(72 



(4.3) 



with .To /A = 1/4 ( located in the midway between the 
node and the anti-node) and Ax — a = 0.1 A. It becomes 
more localized by the measurement with xo = as shown 
in the figure. The solid (dotted) line corresponds to the 
case that the atom is measured to be in |o) (|6)) with the 
Ramsey-fields on. Now, when the far-region distribution 
is observed, 11 (p) in the single measurement scheme with- 
out the Ramsey-fields is not the same as the sum of Pa (p) 
and Pb{p) any more. A4orcover. Tl{p) does depend on the 
internal state of the atom. We can explain such distri- 
butions in terms of the dipole force correlated with the 
position localization. 

To begin with, we first consider the case of the field 
measurement alone without the Ramsey-fields [Fig. 5 (c)]. 
The localized position distribution in this case has largely 
three parts (not shown), similar to Fig. 5 (a). If the atom 
enters the cavity region in state |a), it experiences the 
potential given by Ua{x). The two small outer parts in 
the distribution experience the force in the negative x 
direction, and thus arc brought together to generate the 
interference pattern in the far-region due to the coherence 
of the initial Gaussian wavepacket. The large central 
part experiences the force in the opposite direction to 
make the diffraction pattern in the far-region. The peak 
position of the momentum distribution marked in the 
figure can be calculated using Eq. (22) in the next section 
as pt ~ hkoGra^ » 19.6?ifco with Gt = tt, a = 2.5 and 
kgx = 7r/4. Similar argument can be given to the atom 
in 1 6). This explains the distributions Ilaip) and llb{p) 
[See Fig. 5 (c)]. 

On the other hand, when the Ramsey-fields are turned 
on, the internal state inside the cavity is the superposi- 
tion of I a) and \b). Thus, all the three parts in the posi- 
tion distribution of Fig. 5 (a) experience the force both in 
the positive and negative directions simultaneously. This 
results in the interference patterns in the left and the 
right side of the far-region distributions [See Fig. 5 (b)] . 
The distributions Pa{p) and Pb{p) are different from each 
other since they result from different superposition of in- 
distinguishable quantum paths, as explained in Section 
III. Of course, the sum of Pa{p) and Pb{p) is the same as 
that oiHaip) and Tlbip)- 

In this manner, the far-region distributions in all cases 
can be explained in terms of the dipole force correlated 
with the localization by the measurement. 
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V. POPPER'S TEST 

In this section, we explore whether the present dual 
measurement scheme can implement Popper's test [Q. 
Popper's test is intended to answer the question whether 
the knowledge of the position itself can increase the 
momentum uncertainty without mechanical momentum 
transfer (Copenhagen interpretation), contrary to the 
Heisenberg microscope. 

To this end. Storey et al. proposed that changing the 
width of the 'virtual slit', produced in the measurement 
of the field, by varying the phase of the field being mea- 
sured, implement Popper's test In their scheme one 
compares the result of the X-quadrature measurement 
with that of the Y-quadrature measurement. Suppose 
that the two measurements yield different uncertainties 
{Ax)x > (Aa;)y of the position distribution. If the far- 
region position distribution, which corresponds to the 
momentum distribution in the near-region, shows that 
{Ap)x < (Ap)y in the absence of any mechanical action, 
the Copenhagen interpretation is then proved. Even in 
the presence of the mechanical action, the above inequal- 
ity of momentum uncertainty still proves the Copenhagen 
interpretation as long as the mechanical action does not 
favor the momentum inequality in the same way. As we 
have seen in the previous section, the localization ex- 
ploiting the interaction with the standing-wave field in- 
evitably introduces the mechanical action, i.e., the dipole 
force. Therefore, it is necessary to examine the mechan- 
ical action in more detail. 



A. The distribution of the momentum transferred to 
the atom by the dipole force 

If the atom is located at the position x like a point 
particle, the impulse given to the atom for time duration 
r due to the dipole force is given by 



Pt{x) = force XT — —VU{x) x r 
— ±hkoGTa^ sin(2fcoa;) 



(5.1) 



Note that the transferred momentum pt depends on the 
position X. When the atomic position has a distribution 
other than the delta-function, then pt is not single- valued 
but distributed over some range. If the atom is local- 
ized by the measurement to have the probability density 
P{x), the uncertainty of the momentum transferred by 
the dipole force, {{Apt)^) = {pD — {pt)"^ , is calculated as 



(Gray 



dxP{x) sin^(2fco2;) 



dxP{x) sin(2fcoa;) 



(5.2) 



Let us assume that the measurement localizes the atomic 
wavepacket as a Gaussian, like in Eq. (21), with P{x) — 
|/(x)p. Then, it is easily obtained that 



_ 2g-4(fcoa)%ij^2^2fcoa;o)) (5.3) 

When the atom is localized well {k^a <^ 1), Eq. (24) be- 
comes 



hkn 



2(GTa2)(fcocr)| cos(2fcoa;o)| 



(5.4) 



The momentum uncertainty is smaller for the narrower 
distribution, as seen in Eq. (25), where ^y(JAptp) is pro- 
portional to a. Due to this fact, although the mechanical 
action is inevitably accompanied in the localization, Pop- 
per's test can nevertheless be implemented in the mea- 
surement schemes using the standing-wave field, as ex- 
plained below. 

The momentum uncertainty Ap results from two 
sources if we follow the Copenhagen interpretation. One 
is the knowledge of the position (Apk) itself, and the 
other is the mechanical action by the dipole force in 
the standing- wave field (Apt in Eq. (25)), so that Ap ^ 
Apk + Apt- Let us assume that two different measure- 
ment schemes (e.g., two different quadrature measure- 
ments in Storey's scheme) yield the position localiza- 
tion as Axi > Ax2- Since the uncertainty caused by 
the dipole force is smaller in the narrower distribution, 
we have (Apu > Apt2)- If the far-region distribution 
is broader in the case of the narrower localization, i.e. 
Api < Ap2, we should conclude that the momentum un- 
certainty caused by the "knowledge" is much larger in 
the narrower distribution, i.e., Apki < Apk2- Moreover, 
the uncertainty by the mechanical action of the dipole 
force can be eliminated when the measurement localizes 
the atom in the midway between the node and the anti- 
node (Apt m with xq/\ = 1/4 in Eq. (25)). This is also 
the case even when the position distribution P{x) is not 
a Gaussian as assumed in Eq. (25) as long as the atom 
is well localized around at xq/X = 1/4. Therefore, we 
conclude that the proposal by Storey et al. can imple- 
ment Popper's test even when the mechanical action due 
to the dipole force of the standing wave field is included 
in the localization. 



B. When the atomic internal state is the superposed 
one inside the cavity 

In the above, we considered the case that the atom is 
definitely in one internal state. When the Ramsey fields 
are turned on, the internal state of the atom inside the 
cavity is the superposed one. Then, even when the atom 
is treated like a point particle (i.e., cr = in Eq. (4.3)), 
a mechanical momentum uncertainty comes about be- 
cause the mechanical momentum delivered to the atom 
in state \a) is in the opposite direction to the momen- 
tum delivered to the atom in state \b). For this reason 
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the mechanical momentum uncertainty in the dual mea- 
surement, Apd,i5 becomes always larger than that in the 
field measurement only, Apf^f We have shown in section 
III that the uncertainty Axd of the position localization 
in the dual measurement scheme is less than Axf in the 
field measurement only. However, oven if we get the re- 
sult Apd > Apf, this docs not prove the Copenhagen 
interpretation since Apd.t > Apf,t, i.e., there is addi- 
tional momentum uncertainty caused by the indcfinitc- 
ness of the atomic internal state in our dual measurement 
scheme. Therefore, the comparison of the result of the 
dual measurement with that of the field measurement 
alone does not constitute Popper's test. 

VI. SUMMARY 

In this work, we have investigated the atomic position 
localization by the dual measurement, i.e., both the field 
and the atomic internal state measurements, compared 
to the field measurement alone. We have also discussed 
the mechanical action of the light field, correlated with 
the measurement, on the atom. We began by showing 
that the localization is improved by the dual measure- 
ment scheme compared with the field-only measurement 
scheme. We then showed that although the localization 
exploiting the interaction with the standing wave-field at 
far-off resonance inevitably brings about the momentum 
uncertainty by the mechanical action of the dipole force 
origin. Popper's test can be nevertheless implemented in 
the schemes in which the atomic internal state is definite 
inside the standing-wave field. Moreover, we have found 
that it is better to localize the atom in the midway be- 
tween the node and the antinode in order to minimize 
the momentum uncertainty. 

This work is supported by Creative Research Initia- 
tives of the Korean Ministry of Science and Technology. 
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FIG. 1. The schematic diagram of the measurement setup 
with the energy levels of the atomic internal states. Here /iw 
represents the microwave fields to induce transitions between 
the states \a) and \b). Both the quadrature amplitude of the 
field and the internal state of the atom are measured to obtain 
the position information. 

FIG. 2. The Wigner diagram for the coherent state ro- 
tated by the angle according to the internal state through 
the interaction given by Eq. (1). The x-axis denotes tiic am- 
plitude of quadrature Xq = a + and the y-axis that of 
= —i{a — a^) out of phase with Xq. The rotation angles 
@aix) and Qb{x) depend on the position x. 
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FIG. 3. The filter functions Fa{x) = \D{x)Ia{x)f and 
Fb{x) = \D{x)Ib{x)f for the position distribution caused by 
the dual measurement for cases xo = ±2a,0 with a = 2.5. 
The envelopes (dotted lines) correspond to the single mea- 
surement of the field without the Ramsey-fields. The mea- 
surement of Xo = 2a, —2a, of the field quadrature amplitude 
Xo roughly localizes the atom at the node, at the antinode, 
and in the midway between the node and the antinode, re- 
spectively. 

FIG. 4. The momentum distributions after the dual mea- 
surement, which corresponds to the position distribution in 
the far-region, when the field quadrature is measured to be 
at Xo = with a = 2.5. The distributions Pa{p) and Pb{p) 
denote the distributions that are obtained when the internal 
state is measured to be in \a) and |6), respectively. For com- 
parison, the momentum distribution Il{p) in the single mea- 
surement of the field quadrature amplitude without the Ram- 
sey-fields is presented. The initial position distribution (/(a;) 
in Eq. (9)) was assumed to be flat over the range \x/\\ < 1. 

FIG. 5. (a) the probability density P{x) of the localization 
by the dual measurement with the potential Ua,b{x) drawn 
together. The solid (dotted) line corresponds to the case that 
the atom is measured to be in \a) (\b)), with the field measured 
to be at Xo ~ 0. The initial position distribution f{x) was 
assumed as a Gaussian as in Eq. (21), with xo/X = 1/4 and 
a = 0.1 A. On the right side, the momentum distributions 
P{p) with the Ramsey-fields is plotted in (b) and n(p) without 
the Ramsey- fields plotted in (c), respectively, corresponding 
to the localizations shown in (a). In Fig. (b) and (c), the 
solid/dotted lines are for the internal state |a)/|6). 
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